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0. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this paper, 4 denotes a subset of the real line with at least n+2
elements, and 7(A4) denotes the convex hull of 4. A4 is said to satisfy
property B if between any two distinct points of A4 there is another point
of A. If, in addition, A contains neither a first nor a last element (ie.,
inf A¢ A, sup 4¢ A) then A is said to satisfy property D. The numbers inf 4
and sup A4 are called the endpoints of A.

A sequence of functions Z, = {z,, ..., z,;} defined on 4 is called a (weak)
Tchebycheff system if it is linearly independent and for all points
Xo< -+ <X, in 4, det{z,(x,)}7 . ¢>0(>0). If Z, is a (weak) Tchebycheff
system for k=0, .., n, we say that Z, is a (weak) Markov system. Note
that, in this case, zo >0 (z,=0). If z, =1, we say that Z, is normalized. In
the following definitions, when we say that a basis U,= {uq, ... u,} is
obtained from Z, by a triangular linear transformation, we mean that
up =129 and u, —z, espan{z,, .., 2, _,} (k=1,.., n).

* The second author was supported in part by an NSF grant to VIT-EPSCoR. The authors
thank the Centro Atomico Bariloche, Argentina, for their hospitality during the completion
of this paper, and the referees for their careful reading of the paper and suggestions for
improvements.
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DEerINITION 1. Z, is said to satisfy condition E if for all ce I(A) the
following two requirements are satisfied:

(a) If Z, is linearly independent on [¢, a0c) N A then there exists a
basis {u, .., u,} for span(Z,), obtained by a triangular linear transforma-
tion, such that for any sequence of integers 0<k(0)< .- <k(m)<n,
{ur) .o Is @ weak Markov system on 4 [¢, ).

(b} TIf Z, is linearly independent on ( —oc, c] n A then there exists a
basis {v,, ..., t,} for span(Z,), obtained by a triangular linear transforma-
tion, such that for any sequence of integers 0<k(0)< --- <k(m)<n,
{=1)y *,.,,}m., is a weak Markov system on (— a0, c] N A.

DerFINITION 2. Z, is said to satisfy condition I if for every real number
¢, Z, is linearly independent on at least one of the sets (—oc, c)n 4 and
An(e, ).

DeFINITION 3. Z, is called weakly nondegenerate if it satisfies both
conditions / and E.

DEFINITION 4. Z, is representable if and only if, for all c € A, there is a
basis U,, obtained from Z, by a triangular linear transformation (hence,
ug(x)=z4(x)); a strictly increasing function # (an “embedding function”)
defined on A, with h(c)=c; and a set W,={w, .., w,} of continuous,
increasing functions defined on I{h(A4)), such that

ah(x)
uy(x)=uo(x) | dwi (1)

-

w0y =) [ [ [ g (a) - dwy (1),

< « <

In this case we say that (h, ¢, W,, U,) is a representation of Z,,.

We note that [2, Theorem 5.22] proves that a normalized weak Markov
system is representable if and only if it satisfies condition E.
In the sequel, given a set W, as above, we will define functions

]

S
=
1l

and (1
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The purpose of this paper is to solve a number of problems motivated
by the previous work of one of the authors. For example, it is shown in
[5] that every weakly nondegenerate weak Markov system is represen-
table. However, an example is also given of a representable system that is
not weakly nondegenerate. Thus, the question naturally arises as to what
conditions, in addition to representability, must be imposed to obtain a
necessary and sufficient condition. In Theorem 1 we answer this question
for Markov systems, but first we introduce an important definition.

DEFINITION 5. Let W, = {w,, .., w,} be a sequence of real-valued func-
tions defined on (a, b), let A be a real-valued function defined on an A =R
with #(A4)c (a, b), and let x, < --- < x, be points of 4(A). We say that W,
satisfies property M with respect to h at xo < --- <x,, if there is a sequence
{t,,:1=0,.,n; j=0,.,n—1i} in h(A) such that

(a) x,=t, (j=0,..n)
(b) <t <t (i=0,.,n=1;=0,.,n—i)
() Fori=1,..,n wi(x)isnot constant at ¢, , (j=0,..,n—1).

To say that a function f is not constant at a point c € (a, b) is to say that
for every ¢>0 there are points x,,x,e(a, b) with c—e¢<x,<c<
X, < c¢+e¢, such that f(x;)# f(x,).

If W, satisfies property M for every choice of points xy< --- <x, in
h(A4) then we simply say that W, satisfies property M with respect to A
on A.

THEOREM 1.  Suppose that A has neither a first nor a last element. Then
the following statements are equivalent:

(a) Z, is a weakly nondegenerate normalized Markov system;

(b) Z, is representable, and for every representation (h,c, W,, U,)
and any de R there is a sequence x,< --- <x, in A for which W, satisfies
property M with respect to h on (—oxc,d)N A, or else there is a sequence
Vo< <+ <y, in A for which W, satisfies property M with respect to h on
An(d, o)

Remark 1. Tt follows from (b)=>(a) in Theorem 1 that if (b) is satisfied
for some representation then it must be satisfied for all representations.

DEFINITION 6. Let w,, ..., w, be continuous on an open interval I, with
wo>0 and w,, .., w, strictly increasing in /. Let f be a real-valued function
defined on /. For xe I, set

Sx)

Dof(-f)=m
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and, provided the limits exist,

oDy flx+h)=D, _ f(x)
D"f(x)_;}lino welx+h)—w, (x)

Set W= {w,, .., w,} and let D(W?], ) denote the set of functions f for
which D, f, .., D, f exist in L 1f fe D(W?,I) we say that f is relatively
differentiable with respect to W3,

Remark 2. f is an element of D(W?, I) if and only if (f/wy)<w, ' is dif-
ferentiable in w, (/) and ((f/wo)=w, ') (w,(x)) = D, f(x). Also note that if
we(x)=1 and the functions p,(x ) are given by (1), then D,_, p,(x)=
w;(x)—w,(c) (i=1, .., n). This is an easy consequence of Lemma 1, below.

DEeFINITION 7. Let Z, be a Tchebycheff system on A, let x4, ..., x, be
distinct points of A, and let f be a real-valued function defined on A. The
(generalized) divided difference of f of order n with respect to Z,, is defined
as

Zg(xo) Zo(x,)
n. 1(x0) Zn l(xn)
[Z(), ) Zn:lf= f(xo) f(xn)
Xy ooy X Zo(xo) Zo(xn)
Zp- l'(XO) zn—l.(xn)
Z,,(X()) zn(xn)

(for n=0 this reduces to [2] /= f(x()/zo(x0))-

The next theorem generalizes a result that is well known for extended
complete Tchebycheff systems (see [1]).

THEOREM 2. Let WQ={wq, .., w,} be as in Definition6 and set
v;=wq- p;, with p; given by (1). If fe D(W?}, 1), then for all xo< -+ <X,
in I,

[”"’ ]/ D,f(¢) (i=0, .. k),

where £, =x,, and xo < &, <x, (i=1, .., k).
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COROLLARY 1. Under the assumptions of Theorem 2,

lim [LL 1]v,=D..lv,v(§)=“'.(é)—w'f(c’) (i=1,..n)
> 1

Xo oo Ny 4G X(). vesy .\'[
In [6] the following theorem is proved:

THEOREM A. [f A contains neither a first nor a last element, then Z,, is
a Markov system if and only if it has a representation (h, ¢, W,, U,) such
that W, satisfies property M with respect to h on A.

We say that the span of a Markov system Z, defined on a set 4 can be
continued to the left if there is an n-dimensional linear space U defined on
a set of the form (d,a)u 4, d<a (where a=inf A), such that U|,=
span(Z,) and U has a basis U, that is a Markov system (ie., U, is a
Markov space).

Remark 3. Z, is automatically weakly nondegenerate if it is a Markov
system and if 4 has no first or last element: Condition 7 is satisfied and
condition E follows from the possibility of extending Z, both to the left
and to the right of any ce A4 (see the proof of Theorem 1 for details).

The situation is different if 4 has a first or a last element. Our next result
is based on the concepts of generalized divided difference and relative
differentiation.

THEOREM 3. Let Z, be a Markov system on a set A with property B, and
assume that if inf A€ A or sup A€ A, then they are accumulation points of
A and all the =, are continuous there. Then the following statements are
equivalent

(a) Z, is a weakly nondegenerate Markov system;

(b) Ifinf A€ A, then Z, can be extended to the left, and if sup A € A,
then Z, can be extended to the right;

(c) If d is an endpoint of A such that de A, then

I:EO’"":'_']:,|<OC (i=1,..,n);
X vy Xy

(d) Ifinf A€ A, then Z, has a representation (h, c, W,, U,) such that
the w, are bounded from below on h(A), and if sup A€ A, then Z, has a
representation (h, ¢, W,, U,) such that the w, are bounded from above on
h(A).

(e) If (h,c, W,,U,) is a representation for Z, on A'= A\{inf A,
sup 4}, wo= 1, and p; are defined as in (1), then for any endpoint d of h(A)
such that de h(A), im _ ,D, | p,(x) is finite.

lim sup
XQ. e Xy | o+ d
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In [3, Theorems 2.2 and 2.6], part (d) of Theorem 3 was shown under
hypotheses similar to those in (a).

1. E-SYSTEMS AND PROOF OF THEOREM 1

DerINITION 8. We say that Z, is a (weak) E-system if for any integers
0<r(0)< --- <r(m)<n, {Z,4} k=0 .. mis a (weak) Markov system on 4.
The linear span of a (weak) E-system will be called a (weak) E-space.

E-systems were utilized in [3] and in [7] to give a necessary and suf-
ficient condition for extending the linear span of a Markov system beyond
its domain of definition. For example, the following theorem is proved in

(7]

THEOREM B. Let Z, be a Markov system on a bounded set A with
property B. Assume, further, that if an endpoint of A belongs to A then it is
a point of accumulation of A and all the elements of Z, are continuous there.
Then span(Z,) can be continued to the left if and only if it has a basis that
is an E-system.

Assume that Z, is a Markov system defined on a set 4 containing both
of its endpoints, and that all its elements are continuous at these endpoints.
Assume, moreover, that the linear span S, of Z, contains a basis that is an
E-system. From TheoremB we know that S, can be continued to a
Markov space U, defined on a set of the form (d, a)u A, d <a. Thus, the
restriction of U, to any set of the form (d’, a) u A, with d<d’ <a, can be
continued to the left, and by a second application of Theorem B we con-
clude that U, is an E-space. Thus, if U, denotes the linear space obtained
from U, by making the change of variable t - —1, from [7, Remark 2] we
readily conclude that U, is an E-space. Applying Theorem B to S, , we
conclude that U, can be continued to the right (cf. [7, Coroliary 2]). The
foregoing discussion demonstrates that under the conditions of Theorem B,
an E-system can be simultaneously continued both to the left and to the
right. Conclusions similar to these can also be found in [3].

Proof of Theorem1. (a)=>(b) From [5, Theorem 1], Z, is repre-
sentable. Let (h, ¢, W,, U,) be a representation for Z,. Then u,=p,-h
(i=0, .., n), where p; are defined as in (1). Define P, = { p,, .., p,}, and let
d be an arbitrary real number. P, is linearly independent either on
h(A)n(d, o) or on (— ¢, d) " h(A), and we will assume the latter. By [6,
Lemma] it must satisfy property M (with respect to the identity function)
at some x,< --- <x, in (—oc, d)nh(A4), hence (b) follows.

(b)y=(a) Let (h, ¢, W,, U,) be a representation for Z, and let de R
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be given. If property M is satisfied with respect to 4 for, say, some choice
of points in (— o0, d)n A, then from [6, Lemma] U (and, hence, Z,) is
linearly independent on (— o, d)n A. Thus, condition [ is satisfied. An
argument similar to the one given in [7, Theorem 2] shows that U, is a
weak Markov system. Since U, is obtained from Z, by a triangular linear
transformation, it is clearly normalized.

If A has neither a first nor a last element, then on 4 N (¢, ©), U, can be
continued to the left, whence from [7, Theorem 2], it satisfies part (a) of
condition E. Moreover, since on (— oo, ¢)n A, U, can be continued to the
right, from [7, Corollary 3] we deduce that is also satisfies part (b) of
condition £. |

Remark 4. Suppose that if inf A € A, it is an accumulation point of A,
and v, /v, is continuous at inf 4, where v, and ¢, are as in Theorem 2. Since

2L (x) = w,y (h(x)) = w, (©),

b
Vo

we have

Thus,

h(x)=wi '(w (h(x)))=w ' (? (x)+ Wn(C)),
0

hence h is continuous at inf 4. A similar statement holds for sup A.

2. RELATIVE DIFFERENTIATION AND PROOF OF THEOREM 2
The proof of Theorem 2 is based on the following two lemmas.

LeMMA 1. Let f and g be relatively differentiable with respect to WY,
where wy= 1, and assume that D, g #0 on (a, b). Then

J(b)—fla) _D,f(&)
g(b)—gla) D, g(&)

for some a< & < b, and

o fx+h) = f(x)
D= T )y ()
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Proof. Let fi=f>w,', ¢c=w,(a), and d=w(b). Then
S)—fla) [f'(&) Difi(&)

gb)—gla)” g'(&) D, gi(&)

where &o=w;"(&).

Remark 5. Lemma 1is falseif wy 2 1 (e.g., if wo(x)=w,(x)=f(x)=x,
g(x)=x?%).

LemMa 2. Let f be relatively differentiable with respect to W°. Then for
k=1, there are points x,_, <, <x; (i=1, .., k) such that

[vo, s vk]f: [Dlljl, vees Dlvk] D.f
X(s oer X & &

Proof. In the representation of [>%]f as a ratio of determinants,
first divide each column in both numerator and denominator by the value
of vy(t) that corresponds to that column (this has the effect of making
wy=1), then subtract from the last column in both numerator and
denominator the preceding one. The resulting quotient has the same value
as the original divided difference. Thus, the divided difference may be

expressed in the form

F(x,)—F(x, ,)
G(x) = Glxe_ )
where F and G are relatively differentiable with respect to W,.

By Lemma 1 this equals D, F(£,)/D,G(&,) for some x, | <&, <x,;ie.,
the last column in both numerator and denominator is replaced by the
corresponding relative derivative at £,. We now perform a similar opera-
tion on the second to the last column, and so on, until columns 2 through

k have been replaced. Since the first element in each of these columns is
zero, we finally end up with [2'5-- 2] D, f. |

Proof of Theorem 2. The proof is by induction on k. For £ =0 we have
[vo] PRVCSI C .
Xo vol(xo)  wolxo)

For k=1, from Lemma 2 we have

D,v, _le(él)__ .
{ ¢, ]D‘f‘D,v.@l)‘D'm"’

because D v, = 1.
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For k= 2, we use Lemma 2 to get
Ugs -s Uy Dv,,..D v,
Xy ey Xy Clrs woes Gk

for x,_, <, <x; (i=1,.., k). Note that D,v,(x})=1. For i=2, ...k, the
Mean Value Theorem for Stieltjes integrals [4] yields

s IZ:H'.[:""_‘.:-' Ydw, (1) -dw,(ty)
Divitx)=im, [ dw, (1)

. Sk pt2
= llmJ J
h—0J,

with x < ¢, < x+ h; hence

. [ﬂl l dwi(li) o 'dWZ(IZ)*

¢ e

D,v,(x)= | vJ.’:~-~f"—ldw,(t,)~~-dw2(t2) (i=2, .. k).

¢ Y ¢

Setting po=1 and p,=Dv;,, (i=1,.,k—1), we see that
{Pos P1s - Dk} is a Markov system defined in the same way as
{Po> - P}, but using {w,, .., w,}. Let the corresponding relative differen-
tiation operators be denoted by D,. By the induction hypothesis we then

have
[vo, veey vk:lf:':Dlvl’ veey Dlvk] Dl/

Xy s X Ciy o &k
=Dk— 1(D1f)(§k)=Dkf(Ck)’

for & <{,<é&,; ie, xp<l,<x,. This completes the proof of
Theorem 2. |}

3. DiIviDED DIFFERENCES AND PROOF OF THEOREM 3

The proof of Theorem 3 is based on several propositions of some inde-
pendent interest.

LEMMA 3. Let f, g, and w be continuous in [a, b], with w strictly
increasing and g positive in (a, b). Then for some £ € (a, b),

o f(1) dwl(t) _ f(8)
2 g()dwin)  g(&)
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Proof. By the Mean Value Theorem for Stieltjes integrals, for all
a<c<d<b, there is an n, € [¢, d] such that

l d
f('71)=“—m£ S(t) dw(t). (2)

(d)

Similarly, for all ¢ < ¢ <d<b, there is an n, € [¢, d] such that

od

1
mJ g(1) dw(t). (3)

gln.)=

Let

X

F) =] fydwin,  Gx)=] g0 dwin)

a a

and set Q(x)=F(x)G(b)— F(b)G(x). Since Qa)=Q(b)=0, Q has a
relative extremum ¢ € (a, b). Thus, in a neighborhood of ¢,

Q(x)—Q(¢) _

d-sgn(x—¢)-sgn ) —w(@)

", (4)

where d = +1 and » depends on x and equals zero or one. However,

Q(x)— Q) F(x)— F(¢&) oy G —G(E)
w(x)—w(f)‘w(x)—w(é)G(b) b w(x) —w(&)

(5)

From (2), (3), and (5) we have

Q(x);Q(g)):f(é) G(b) — F(b) g(&).

lim
=& w(x)—w(

On the other hand, (4) implies that
lim M =0,

v— w(x)—w(é)

hence

F(b) _f0)

G(b)  g(&) I

LEmMMA 4. Let w,,..,w, be continuous, strictly increasing functions
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defined on an interval I and let p;(x) be given by (1). Then for all
Xo< o <X, _, Inl,

[”"’ o P ’]p,=nvi(é,_l)—»v,~(c) (i=1,..n),

XQy s Xio |
where £y =Xxq and xo <&, <x; (i=1,..,n—1).
Proof. The proof is by induction on n. For n=1, we have

l:Po] = Pl(xo)=J‘X0 dw(t))=w (xo)—w (c)=w,(§o) —w,(c)
Xo

For n=2, we have
(7] =p2<xl>—p2<xo)=fi:,(J"dwzuz)d (1)
Xos Xy P2 Pi(x1)— pi(xo) Idewl
$1
=| dwy(t;)=wy())—wy(c)

<

for some xy< ¢, < x,, by Lemma 3.
Define go(x)=1 and

( ,-1;

=] [ [ dwit) dwa() =11
Then

pi(x)='l.:rqi—l(tl)dwl(tl) (i=1,..,n).

Proceeding as in [1, XI, Lemma 2.1] we obtain

det{ p,(x))}%,_ 0_j | det{a ()} dwi (1 1) (),

It follows by a straightforward inductive procedure that {p,}7_, is a
Markov system, Moreover, for k 22, we have

pO’ ) pk—l
|:X0, wey X . 1] Px
=det{pi(xj)}(i=0. k=2 k=0, k—1)
det{p.(x;)} i jz0 k-1

.[:(;"'J.:::;det{qi(lj)}(i=0....‘k—3.k 1j=0. .k 2 @wi(ty 5)--dw (1)
Iié"'.‘.ii:;det{qi(tj)}(i.j=0.._.k Hdw (e 3)---dw, (1)
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Using Lemma 3 repeatedly we get

Pos s Pr—1 _ 1905 k-2
X D= 9 1»
X0 oo Xi ) Nos - Mk — 2
with x,<n,<x,,, (i=0,..., k=2)

By the inductive hypothesis, this equals w, (&, |)—w,(c), for
X <& <xe e |

LeMMA 5. Let A have property D and let Z, be a Markov system on A
with a representation (h, ¢, W,, U,) such that the w; are strictly increasing on
(inf h(A), sup h(A)}). Then for any xy< -+ <X, _, in A,

I:ZO* e ]Zi= I:“o, ot _l:I ui=wi(& )—wlc)
Xgs s Xj Xgs o X;
where o= h(xg) and h(x,)< &, <h(x;) (i=1,..n—1)

Remark 6. By [8, Corollary] such a representation with w, strictly
increasing exists.

Proof of Lemma 5. The first equality is a consequence of the fact that
fug, ., u,} is obtained from {z, .., z,} by a triangular linear transforma-
tion. Let g, = u;/uy (i=0, .., n); then go(x)=1 and

Xy oo Xy Xgs e Xj 1
The functions ¢; can be written as g, = p,~h for p, satisfying the hypotheses
of Lemma 4. Since

[(]0,..., q; 1]q.=[ Pos s Pi 1 ]P'
X(), ey x,- 1 ! h(XO)a coey h(x1 ]) o
the assertion follows from Lemmad4. |

Before proving Theorem 3, we introduce an additional definition.

DEFINITION 9. A set Z, defined on a set A is called endpoint non-
degenerate (END) if for any point ce A the restrictions of its linear span
Sto(—9o0,c)nA and AN (c, ) have the same dimension as S. S is then
called an END space.

Proof of Theorem3. (b)=>(a) Suppose that inf 4€ 4 and sup 4 ¢ 4.
Let ¢ be a point of A4 that is not an endpoint. From [5, Theorem 1], Z,
has a representation (4, ¢, W,, U,). As in the proof of [7, Theorem 2], it
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follows that both parts (a) and (b) of Definition 1 are satisfied. If inf 4 € 4
and ¢ =inf A then part (a) of Definition | is satisfied (for the same reason),
and part (b) is vacuously satsfied since Z, is linearly dependent on
(—oc,c]n A. A similar argument holds if sup A€ 4 and inf 4 ¢ A.

(d)=(c) and (d)=-(e) These are immediate consequences of
Lemma 5 and the second part of Remark 2, respectively.

(a)=(d) We may assume that Z, is normalized (otherwise, divide
first by z,). Suppose that inf 4 € A. Since Z, is weakly nondegenerate, it has
a representation (h, ¢, W,, U,) [5, Theorem 1]. Moreover, since inf 4 € 4
we may select ¢ =inf A. By an argument similar to the one given in the
proof of (b)=>(a) above, it follows that U, 1s a normalized weak E-system
on A. From [7, Theorem 2], U/, can be continued to the left to an END
normalized weak Markov space, say, to (—oc,infA)uAd. By [8,
Theorem 3], U, has an integral representation (%, ¢, W,, U,), and we may
assume that ¢e A. This implies that the w; are bounded from below on
h(A). Moreover, as in the proof of [5, Theorem 2], since A satisfies
property B, the #, must be strictly increasing on (inf A(4), sup A(A)). If
sup A € A, a change of variables 1 —+ — leads to a similar proof.

(d)=(b) Assume that inf A€ A; then by hypothesis Z, has a
representation (4, ¢, W,, U,) such that the w, are bounded from below on
h(A), and we may assume ¢ =inf 4. Thus, U, can be extended to the left
to a Markov system by setting A(t)=t—c¢ and w (t)=(t—c)+ w,(c), for
t <c. A similar argument works for the case sup 4 € 4.

(c)=(d) Let A'=A"{inf 4, sup A}. By Lemma 5 and Remark 5, Z,
has a representation (4, ¢, W,, U,) on A’ such that

l;.-o’ o 1]212“'i(él l)_u‘i((‘)s
Xoy on X; )
where £,=h(x,) and h(xy) <& <h(x;) for i=1,..,n—1. Suppose that

a=infAe A (b=sup A€ A). By Remark 4, # is continuous at a (at b),
hence by (c),

lim w,(h(x))—w,(c)= lim inf [z"’ z'_':lzi> —x
1

X —a XO o X1 @ | Xy eees X

I V= i 2oy e 2oy |

im w;(h(x))—w,(¢)= lim sup z,< 0
x—b X0 oo = b LXOr ey Xy

for i=1, .., n. Thus, (d) is valid.

(e)=(d) As in the proof of [5, Theorem 2], the elements of W,
must be strictly increasing. The assertion now follows from Lemma 5 and
the second part of Remark 2. |
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